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Abstract

In this article it is presented that the basic properties of the two-parametric Mittag-Leffler

function EB B (2), which is the most straightforward generalization of the classical Mittag-Leffler

function Ё. (z ). Its order and type are calculated, this article presents a number of formulas relating

to the two-parametric Mittag-Leffler function’s recurrence relations and differentiation, introduce

some useful integral representations.

Keywords: Gamma function, complementary error function, Prabhakar function, Abel integral

equation, Beta function.

1. Series representation

The Mittag-Leffler type function (or the two-parametric Mittag-Leffler function)
ice) k

2

ЕЁ = R 0 U 11p (2) Tak | ca» ‚ Ве ) ( )

Generalizes the classical Mittag-Leffler function
oO

1, (2)= Ўз (Rea>0).
k=0

We have E, ,(z)=£,(z). For any а,ВеП, Rea 20, the function (1) is an entire

function of order р =1/(Rea) and type с =1.

Indeed, let us consider the slightly more general function

E,(o'z)- Ў.г ak a 2)
k=0

1.е. take the coefficients in the form
ak

¢, = ———— (
"= Г(ак+ В)

Where 0<Rea <+0,0<o<-+0 is an arbitrary real constant and В is a

complex parameter. By using Stirling's formula we have

T'(ak+ В)= 2л (ak) A г** [1+0(1) |, > (4)

And, consequently, for the sequence lah

k =0,1,2....) (3)

we immediately obtain
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. kl 1

= er 7 =p, limk|e|" -epo (5)
> log (Rea) yoo

(A
2. Differential and Recurrence Relations

A term-by-term differentiation allows us to verify ш an easy way that

4" < Г(Е+т+1)2° _

dz” apl) aE ak+am+ в)” т amsp(Z) (т21) (6)
Where 42 в (2) denotes the 3-parametric Mittag-Leffler function (also known as

the Prabhakar function).

The following formula expresses the first derivative of the ML function in terms

of the difference of two instances of the same function

E 2)+(1-В)Е (2

dz " az

It can be generalized to derivatives of any integer order, and thus provides a

summation formula of Djrbashian type: Let x» 0, ВеП and 220. For any mel

d" 1 Ҳ7 (м

a” —"Еьр(2) =" = Ep (2) (8)
j=0

where T) =1 and the тетатте coefficients ol”), 7=0,1,,,,т., are recursively

evaluated as

(1 —~B-a(m- ))2"" j=0,

7") = 677 + (1- B-a(m—-1)+ с” 15 j<m-l, (9)

1 j=m

Several applications involve the more general function 277Е. в (27), for which

differentiation formulas can easily be derived. The following differentiation formula is

an immediate consequence of the definition of the two-parametric Mittag-Leffler

function (1)

[= (278, (27) = PE 2") (т21) (10)

We consider now some corollaries of formula (10). Let = туп, (m,n =1,2....)

in (10). Then
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(=) 2” Ewing (2”") |=
n I. (11)

= 277 Ер, (2 min) 4 oP = — (m,n=1)

n

Since

I 0 (s =0,1,2....),

It follows from (11) with n=1 and В=0,1....,т that

Substituting z”” in place of z in (11) we get

mitd)| (ea)
— m — "En

Си ти 0
(8—)— ҳ- 2
eer
a

Let т=1 in this formula. We then obtain the first-order differential equation for

the function 24 ТЕ», в(2):

-k (13)

(m,n =1,2,...)

n dz

м 27 (14)
= 21 2, 3 (n=1,2....)

n

n —k

Here we consider и=2 Е, (2); f(z)=2""" = in order to

solve the non-homogeneous ordinary differential equation, and then

Solving this equation, we obtain for any z, 40,
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4 Nu)

Evng(Z)= zl Binge" 3 Pine eB ig (20) nf ет a Pildr; (n=1,2....)
ут,

(15)
Formula (15) is true with 2, =0 if 2 =1. In this case we have

й y)

n zal Ичан
Ey, (z) =e 4 1+nf е" No 47} (п2 2) (16)

2 (2 r{*)
L \ n) |

In particular,

Е.(2)=е ёр e “ar | =e" {1+ erfz} =e? “erfe(—z) (17)

And, consequently,

Е (2)П 2е", — 00

In the following lemma we collect together a number of known recurrence

relations for the two-parametric Mittag-Leffler function.

Lemma 1 For all a>0,£>0 the following relations hold

2 — 7) 1 И 2

2 Fy ps2a (2)-E, sl ) Г(В) Г(В-а) (18)

3 — 7) I 2 И 27

2 Ea pisa (2) = Ёши (2) Г(В) Г(в+а) Г(В+2а) (19)
1 2 27 2"

B) Г(В+а) F(B+2a) Г(В--за) (20)

«Let us ргоуе one of these relations:

+2 =п )

=А=0-—>и=2

[kK —> 00 > n> 00}

мEz pud Тк. Cae 3a)

(их A)
For returning the form of two-parametric Mittag-Leffler function, we need initial

two elements in the last series, so we will change it a bit
со п 1

2 Ey Bila (z) — = =irani B) Г(В) Г(а--В)
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3. Integral Relations

Using the well-known discrete orthogonality relation

3 i2xhkjm _ | m,if k=O (тод m)
— 9 710, if #0 (тод m)

And definition (1) of the function Е, ,(z) we have

SE, (207""")- (27) (т21) (21)

Substituting net for a and z7” for z we obtain
ye (272, ") (т>1). (22)

Similarly, the formula

Е, ,(z)= y Ета. (2! (21) ян em) (m 20) (23)
2m +1 —

can be obtained via the relation

m

3 i2mhk/Qm+1) — 2m 41, if k=0 (mod 2m 41),

ebi 0, if k#0O (mod 2m+1).
h——m

Using (1) and term-by-term integration we arrive at

| Ez (2 )dt- 2°E, (22") (В>0) (24)

And furthermore, at the more general relation

1 2 +1 a\.B-Fale (2—:)" E,,,p(At qz? 'dt

ARE mp (22") (и>0,В>0)

Where the integration is performed along the straight line connecting the points 0

and z.

It follows from formulas (25), (22) and (23) that

(25)

nal 1 у" e“dt =z" E, (Аг) (В>0) (26)
Aah © — г cosh Vardi = 2" En (12?) (220) (27)

1 “I, y8 sinh VAt _ 89 22

Tay eg AA ”
Here we use series representations of the functions, e”, cosh Vat , sinhVAt in

order to evaluate the integrals above.
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< Let us prove the relation

as a )= 27 Б. (2 ")-

4 Faye Е ар (25) Pat (820)

First of all, we have by direct evaluations

|, Boao (77) 174 + rey he =

y М karb Jy (2-1) dt
—Г( т] Г(а-1)

2ka со окна

T(2ka+B+l)_ т Г((2Е+1)а+В+1)
k=0

(29)

BMS2

==ll0

ka

WT (kat В-+1) = 2°E pu (2 ")
This relations and formula (24) imply

|, Bap (77) и + a

= |, g(t )t*"dt (B>0)

Differentiating of this formula with respect to z gives us formula (29).

i Let us prove the formula

(275, (227) -х)" Е., (20—х))ш

_AE n) — Е.а. (ГА ), 1 (B>,v>0)

Where A and 4" (A 7 1") are any complex parameters.

Indeed, using (1) for any A, A” (A A 1") and В>0, у>0 we find

iM:

30

Ex pul ( )
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Г

Да Pl ax) — x)" Ea ("1 = х)")ёх
0

Х"( \*)т 1

( ) { yad il xymaty-l dx
той (na +0) Г(та + ы)

М" )" ete la+3+v—1 7 IY Х"(Х") k—n jka

rim+nja)+8+v) — Г (ка + ь)
п=0 k—n

И к=0 Г (ка жи) Ванга М) ЛМ ra Гка+в+ь —

Using formula (1) once more, we arrive at (30).

Finally, we obtain two integral relations:

| е E, в(=1“ 1—9 = (G>0, || <1),
0 Ё— (31)

+00

| е—" /(4х) Е g(t?) t?— dt = Sux? E,, 142 (x7) (3 50. x2 0).

First of all, since the Mittag-Leffler function (1) is an entire function of order

p -I1/(Rea) and type o=1, we have for any o >1 the estimate:

En. p (z)\< Се g

Consequently, the integrals i in o formulas (81 1) and а (32) are convergent.
Mittag-Leffler type function E, , (z) plays an essential role in the linear Abel

integral equation of the second kind.

Theorem 1. Let a function f (2) be т the function space L, (0,7 ). Let a» 0 and

A be an arbitrary complex parameter. Then the integral equation

u(t)=f(t)+ ra) fa uar, = (6) (33)

has a unique solution

u(t)=f(t)+Aaf (е-ту „| Att)" | (еда, te (0) 84
0

in the space 1. (0,1).

This result was discovered in the pioneering work of Hille and Tamarkin.

< Proof. According to a course of Integral Equations, this 1s a particular form of Volterra

integral equation. In our case, the kernel of the given integral equation is equal to
1

1—7K(t,r) = on In order to find the solution of this integral equation, we can use
a

iterative kernels, which are denoted below:

Lu | | 2026/06/25 ff
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К, (1,7) = К (Б.т)

К, (62) = | К(52)к, (2) (n=1,2,..)

Then we can easily find the solution with the means of resolvent of this integral

equation,

u(t)=f (+4) RA) (22

The resolvent is denoted

R(t:4)= YAK (вт)
v=0

In this case, it is not easy to notice that the resolvent is equal to

R(t,;4)=(t-7)"" Eyal (т), |

4. Conclusion

The two-parameteric Mittag-Leffler function £, , has a fundamental importance

in fractional calculus, and it appears frequently in the solutions of fractional differential

and integral equations. However, the expense of calculating this function often prompts

efforts to devise accurate approximations that are more cost-effective.
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