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Abstract
In this article it is presented that the basic properties of the two-parametric Mittag-Leffler

function E, 5 (Z) which is the most straightforward generalization of the classical Mittag-Leffler

Sunction E, (Z ) Its order and type are calculated, this article presents a number of formulas relating

to the two-parametric Mittag-Leffler function’s recurrence relations and differentiation, introduce
some useful integral representations.

Keywords: Gamma function, complementary error function, Prabhakar function, Abel integral
equation, Beta function.

1. Series representation

The Mittag-Leffler type function (or the two-parametric Mittag-Leffler function)

0

Ea’ﬂ(z):;m (Rea>0, fell) (1)

Generalizes the classical Mittag-Leffler function
®© k

E,(z) :Zﬁ (Rea>0).

k=0
We have E, (z)=E,(z). For any a,f€ll, Rea >0, the function (1) is an entire
function of order p = 1/ (Rea) and type o =1.
Indeed, let us consider the slightly more general function
k
(o°2) )
( ) Zo I'(ak +1 @)

1.e. take the coefficients in the form

O_ak

C, :m (k:0,1,2,...) (3)

Where 0<Rea <+, 0<o <400 is an arbitrary real constant and £ is a
complex parameter. By using Stirling’s formula we have

I'(ak+p)=27 (ak)““ﬂ‘% e [1+0(1)], k> 4)

And, consequently, for the sequence {c, |, we immediately obtain
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klogk 1
k> 10gi (Rea)
|Ck|

2. Differential and Recurrence Relations

= p, limkle,["" =epo 5)

A term-by-term differentiation allows us to verify in an easy way that

d” - (k+m+1) k
E = ! >1
o Ean(2) KT (ak+am+ ) wanep(2) (m=1)

k=0

(6)

Where E] 5 (Z) denotes the 3-parametric Mittag-Leffler function (also known as

the Prabhakar function).
The following formula expresses the first derivative of the ML function in terms
of the difference of two instances of the same function

d _E,p1(2)+(1-B)E, 4(2)
a’ZEa’ﬂ(Z)_ oz

It can be generalized to derivatives of any integer order, and thus provides a
summation formula of Djrbashian type: Let a >0, [l and z#0. For any m el

d” 1 ™
yEa,ﬂ(Z): - mZCS )Ea,ﬂ—j(z) (8)

where c(()o):l and the remaining coefficients cﬁm), j=0,1,....,m , are recursively

,z#0 (7)

evaluated as

(l—ﬂ—a(m—l))c(m_l) j=0,
A =1cm V(1= p-a(m=1)+ /)" 1< j<m -1, (9)
L1 j=m

Several applications involve the more general function z’HEa’ ﬂ(z“), for which

differentiation formulas can easily be derived. The following differentiation formula is
an immediate consequence of the definition of the two-parametric Mittag-Leffler

function (1)
(di) [zﬁ_lEa,ﬁ(za)} 2, 5 (27) (m21) (10)

4
We consider now some corollaries of formula (10). Let @ =m/n, (m,n = 1,2,...)
in (10). Then
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EiFTae:

n _%k (1)
—ZﬂflEm/mﬂ(zm/”)+Z’Bil Z—m (m,nZl)
G
n
Since
! =0 (s=0,12,...),

(=)
It follows from (11) with n=1 and £ =0,1,...,m that

() s 5 () 2 &

n/m

Substituting z”™ in place of z in (11) we get

m " d |
— m___ mE
(1) z
P F(ﬂ—mk)
n

Let m =1 in this formula. We then obtain the first-order differential equation for
the function z*V"E, wp(2):

—k (13)

=z "F ﬂ(z)+z (m,n:1,2,...)

1 d 1) ne 1)
L[, ()] [V, (2)]
1IN z* (14)

:Z'B lkzw, (7’121,2,...)

S| p-=

n
n -k

Here we consider u:z(ﬂfl)"El/n’ﬂ(z); f(z):zﬂ”*l — 2 in order to

(0

solve the non-homogeneous ordinary differential equation, and then

Solving this equation, we obtain for any z, =0,
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El/n’ﬂ(z)zz(l—ﬂ)nezn Z(()ﬁ n ZOE1/ ﬁ( )+nJ' o ZT—Tﬂnl dr (n=1,2,...)
0 k=1 F[ﬂ_Ej

(15)

Formula (15) is true with z, =0 if S =1. In this case we have

=F_
n

z ) n—1
E,.(z)=¢" 1+nj e’ Z L . dr i (n>2) (16)
| o= (j

In particular,

Ep, (z)=e {1+—I e dr}—e {1+erfz}=¢ erfc(—z) (17)

And, consequently,

1/21( )D 26

In the following lemma we collect together a number of known recurrence
relations for the two-parametric Mittag-Leffler function.
Lemma 1 For all a >0, >0 the following relations hold

T
<=, |7l >
4

1 z
ZEaﬂ+2a() Ea’ﬁ(z)_F(ﬁ)_F(ﬂ+Ol) (18)
3 B B 1 B z B z2
2B pia(2)=Eep(2) r(p) T(f+a) I'(p+2a) (19)
4 _ B 1 B z B z2 B z
#Epaa(2) =By (2) r(p) r(p+a) I(B+2a) I(p+3a) 0

<Let us prove one of these relations:
k+2=n

=<2k=0->n=2
‘”ma Z:‘F ak+ﬂ+2a) PN
o0 n o0

o0 Zn
nzz: I'(an+p)
For returning the form of two-parametric Mittag-Leffler function, we need initial
two elements in the last series, so we will change it a bit

) < z" 1 z
z Ea,,B+2a (Z): - -

“[(an+p) I'(B) I'(a+p)
B 2026/06/25 1 |
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3. Integral Relations

Using the well-known discrete orthogonality relation

m—1

Ze,g—ﬁ”m | m,if k=0 (mod m)
1 0. if k£0 (mod m)

And definition (1) of the function E, ,(z) we have

m—1
D E, (2" )=mE,, ,(z") (m=1) 21)
h=0
Substituting here e for o and z/™ for z we obtain
1 <~ /m _i27h/m
_;;Emaﬁ(z1 e ) (le). (22)
Similarly, the formula
N 1/(2m+1) _i2zh/(2m+1)
Ea,B 2m+lz 2m+1aﬂ( € )(mZO) (23)

can be obtained via the relation

n

2mhk/Om+1) _ 2m+1, if k=0 (mod 2m + 1),
ee' =
Z 0, if k0 (mod 2m + 1).

fh=—m

Using (1) and term-by-term integration we arrive at
L E, ,(4%)t"\dt = 2"E, ,,,(2z") (8 >0) (24)

And furthermore, at the more general relation

1 : p-1 a\,p-1
mj.o (z—1)"" E, , (A" )" at )

“PIE s (ﬁz“) (£>0,8>0)

Where the integration is performed along the straight line connecting the points 0
and z.
It follows from formulas (25), (22) and (23) that

=z

%J’:(Z_t) 'dt=2"E, 5., (Az) (8>0) (26)
%J‘:(z - z‘)ﬁ_l cosh~/Atdt = z'BEzﬁ+1 (izz) (5>0) (27)

1 z p-1 Sinh \/It B 2
I N X

Here we use series representations of the functions, e*, coshx/zt, sinh\/zt in
order to evaluate the integrals above.
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< Let us prove the relation
2PE, 5 (2%)=2" By p(27)+

F(a)Joz(Z_t)a—l EZa,ﬁ(tza)tﬁildt (,B >O)

First of all, we have by direct evaluations

J‘OZEza,ﬂ (tza )tﬁ’1 {1 + —;Z(; i)j)}dt -

Zr 2ka+,8-[ zka+ﬁl{1 1£(a+)1)}dt

k=0

(29)
+

2k o 2k+1)

F(Zka+,8+1 Z 2k+1a+ﬂ+1)

k=0

B

Ms

z

e
Il

0
ka

_ B z
=z
Z r(ka+p+1) #Eopa(#)
This relations and formula (24) imply

j 20!,5 £ tﬂ]{H—l(“Z(ai)l)}dt

= LZ E, 4(t*)t""dt (B>0)

Differentiating of this formula with respect to z gives us formula (29).
< Let us prove the formula

[ 22, ()1 =) B (212

g (m/)1 _//11 E, 4, (1 )1 (B> 0)

Where A4 and A° (/1 # /1*) are any complex parameters.
Indeed, using (1) forany A, A" (/1 # /1*) and >0, v>0 we find

(30)
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I
P B gOx®) (A = x)  Ea (A (1 = x)*) dx

S

(

o A \FYm !
— Z Z fI‘ ) f Jb_J'ir|.+.'.l'—l (1 — x}mﬁ+£ﬂ—] dix
FCKnae+ 7)) F(ma + ) Jy

A*)iufuzﬂu Jov4ee—1

#yk—n ko
. '.I!+U 1 (}'l. .I!II
ZZ I'(m+n)a) + J’—i—:f} EZ FMNka+ 3+ v)

n=0 m=( n=0 k=n
k

— ]5+v-] Z {}‘*}k - Z W i - JAtv—1 i f;‘-n[}tkﬂ — {A*]k+1)
) k=0 I (feit k) n=(} A* - A=A k=0 ka4 5+ V) ‘

Using formula (1) once more, we arrive at (30).
Finally, we obtain two integral relations:

+o0 _ I
f e T E, p(zt™)t? dt = (3 0. lzl<1),
0 Ie—:2 (31)

+0o0
f e TIORLE, sl dt = PP B, s (7)) (B >0, x> 1)
0 ¥

32)
First of all, since the Mittag-Leffler function (1) is an entire function of order
= 1/ (Rea) and type o =1, we have for any o >1 the estimate:

‘ ‘<Ce°" ‘

Consequently, the integrals in the formulas (31) and (32) are convergent.
Mittag-Leffler type function E, ,(z) plays an essential role in the linear Abel

integral equation of the second kind.
Theorem 1. Let a function f (t) be in the function space L, (O,l ) Let a>0 and

A be an arbitrary complex parameter. Then the integral equation
u(t)=1(1)+ r(@) (=) u(e)az, 1e(01) (33)

has a unique solution

N+ 2] (1=0) B, [Ale-e) £ ()ar e(00) (4
0
in the space L (0,1).
This result was discovered in the pioneering work of Hille and Tamarkin.

< Proof. According to a course of Integral Equations, this is a particular form of Volterra
integral equation. In our case, the kernel of the given integral equation is equal to

a-l1
-7
K (t,r) = % In order to find the solution of this integral equation, we can use
o

iterative kernels, which are denoted below:
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K (t,7)=K(t,7)

K, (60)=[ K(12)K, (20)d (n=12..)

Then we can easily find the solution with the means of resolvent of this integral
equation,

u(t)= £(1)+ 2] R(67:2) £ (7)dr

The resolvent 1s denoted

R(t,732) = Z/VKV+1 (¢,7)
v=0
In this case, it is not easy to notice that the resolvent is equal to

R(trs2)=(1=7)" " B, | A(1-7)" |
4. Conclusion

The two-parameteric Mittag-Leffler function E, , has a fundamental importance

in fractional calculus, and it appears frequently in the solutions of fractional differential
and integral equations. However, the expense of calculating this function often prompts
efforts to devise accurate approximations that are more cost-effective.
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