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A BOUNDARY-VALUE PROBLEM FOR A COUPLED SECOND KIND
DEGENERATE HYPERBOLIC EQUATIONS

Feruza Mamanazarova

Abstract

In the present paper, we formulate and study a boundary value problem for a system of coupled
hyperbolic equations of the second kind in a domain consisting of the characteristics of the equations.
Using the representation of the R, -generalized solution of the equation and the properties of fractional

differential and integral operators, the problem is equivalently reduced to a Volterra integral equation
of the second kind with respect to the trace of the derivative of the solution.

Keywords: Degenerate hyperbolic equations, boundary-value problem, coupled system,
Riemann function, Volterra integral equation, characteristic method.

INTRODUCTION
Formulation of the problem. We consider the equation

I

|y| u,—u, =0, (1.1)
where /=n, for y>0 and /=n, for y<0 with -1</<0, in a bounded domain Q
enclosed by the characteristics

2 m+2 m+2
AC :x — y ? =0, BC:x+ y? =1,
n+2 n+2
2 m+2 mt2
AD x — —y) 2 =0, BD:x+ —y) 2 =1,
n2+2( y) n2+2( y)

corresponding to equation (1.1).
Let wus introduce the following notations: Q"'=QnN { y> O} and

Q =0n { y< 0} .Moreover, by I we denote the interval 0 <x <1 on the line y=0.

Also,
u" (x,y), (x,y) eQ’,
u(xy)=q i
u (x,y), (x,y)eQ .
It is known that the solution of the Cauchy problem for equation (1.1) in the
domain Q" (respectively, Q") has the form [1]

¢ (o) =22 e ()en gy ac

r*(1+8)1
L(2+28) n;zl , 4
+(n +2)F2(1+,B) lri )¢ (1-¢)" (26 —1)d¢ +
r(2-28) |
rzl 5 y!v 1-¢)"dg, (1.2)
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where

ri(x):yli_)r%ui(x,y), v, (x )—y11_>n+10u (%), (1.3)
2 (m+2)/2 . .
= = ’ =1,2.

We shall assume that the function u*(x,y) (respectively, u(x,y)) is an R, -

generalized solution of the Cauchy problem for equation (1.1) [1] if it can be represented
in the form (1.2), where

X

r.(x) =, (0)+ [(x—1) " T, (1), +I AT (1),
)

0
and the functions T, (¢), T (¢), as well as v ( ), v_(t) are continuous and integrable
on (0,1).
We will study the following problem for equation (1.1):
Problem 1. Find a solution of equation (1.1) in the class R, satisfying the
boundary conditions

N 1
uw| =y (x), 0<xs<: (1.4)
| —l//(x),()SxS% (1.5)
and the gluing (transmission) conditions
v+(x):v_(x), xel; (1.6)
z;(x)zr_(x), xel (1.7)

Where v, (x),y_(x)eC' (T)mCz (7)., w!(x) and w"(x) may have singularities of

order less than one at x=0 and x =1, respectively.
In the class R,, on the basis of (1.2), from the boundary (1.3) and (1.4) we obtain

2]
(x—1) " v(t)dt+ @7 (x), (1.8)

N
+
—_
=
N—"
Il

R,

S e

r_(x):;(;jf(x—t)_zﬂzv(t)dt+q)1_(x), (1.9)

0

where y; =2y, cosaf,, y; =2y, cosap,
(-2 B , I'(-2
Z§=—[2(1—2ﬂ1)]m TC2A). » X :—[2(1—2ﬂ2)]2ﬁ TC28)

ﬁlrz (_181) ﬂzrz (_ﬂz) ,
+ _ 2r(1+ﬂ1) 261 A pl-h ¥
® 0= a2 ()
2r 1+ﬂ2 2,1 -5,
L(x) r(1(+2ﬂ2;D0ﬁ [x:D Py (x)]
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Hence, considering the gluing condition (1.7), from the last equalities, we obtain

;{ST(X—t)M‘ v(t)de —Z;I(x—t)zﬁz v(t)dt =, (x), (1.10)
where 0 "

D, (x)=D; (x)—- D/ (x)
Using the definition of the Riemann-Liouville fractional integral operator, we
rewrite (1.10) in the form

[ = 1
D7y (x)= g, [(x=1)"" v(t)dt +

)CI)2 (x),

Y4 .
V4 +F(1 Zﬂl)
Hence, applying differential operator D,
Dy DG (x) = 2D, Zﬁlf(x—f)* B (1)de+®y(x),

0

where y, =

“2h , We obtain

where

1
@, (x)= D@
3(X) Z;F(l_zﬂl) " ( )

Using the representation of the Riemann-Liuvill fractional differential operator,
after some computations, the function @, (x) can be written as

P, (x) = 2I'(1+3,) B
3 L(1-8)T(1+28,)T(1+28 - 5,)

XJ.V/Z(I‘)(X_l‘)zﬂ]_ﬂ2 F(_ﬂzﬂzﬂl _2ﬂ2:2181 :Bz +1 ]dt o

0

A

—);—31“(1—2@) (1+2,Bl)£ v (t)(x—1)" at.

Hence, we obtain
r (¢)dt
=0
() (zﬂl 26, I —y )
where A= y,I(1-24,).

It is known that the solution of the following integral equation (1.11) has the
following form [3]

d I 1 2
vi(x)=" [ Eogaa| (e =) |0, (1)ar
0

Where E, ,(z) is the Mittag-Leffler function defined by

(1.11)
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Ea,ﬂ(z) = ;m :

Next, we will find the function 7 (x) using the formula (1.9):
r.(x)=T(1-25 )Zsj(x 1) " Epy 12 [l(x —o) Jq)s (£)+ @/ (x)
0

Substituting the expressions of the functions z, (x) and v, (x) into (1.2), we have
the representation of the solution the considered problem.
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