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Abstract
We study a direct and an inverse coefficient problem for a degenerate parabolic equation
involving the Euler-Bessel operator with a general degeneracy parameter vV €[0,1). The unknown

time-dependent coefficient 1(t) is recovered from an integral overdetermination condition. Using the

Fourier-Bessel spectral method, the inverse problem is reduced to a Volterra integral equation of the
second kind, for which existence and uniqueness of the solution pair are established. A Lipschitz
stability estimate is obtained, showing that the inverse problem is conditionally well posed.

Keywords: degenerate parabolic equation, Euler-Bessel operator, inverse coe-cient problem,
integral overdetermination condition, Volterra integral equation, Lipschitz stability.

1 INTRODUCTION

A central problem in the theory of parabolic equations is the recovery of an
unknown coefficient from indirect measurements of the solution the so-called inverse
coefficient problem. Such problems are generally ill posed in the sense of Hadamard,
and their rigorous treatment requires proving both existence and uniqueness of the
solution pair. A natural and effective approach is to supplement the governing equation
with an integral overdetermination condition, which allows the unknown coefficient to
be characterized as the solution of a Volterra integral equation of the second kind [4, 7].

Inverse problems for degenerate parabolic equations have attracted considerable
attention [1, 2, 3]. The presence of the Euler—Bessel operator x'0_(x"-) introduces a

degeneracy at x =0 whose strength is governed by the parameter v ; the associated
spectral theory is built upon Bessel functions [6]. Recently, inverse coefficient problems
for diffusion equations with a Bessel operator under integral overdetermination were
studied in [5].

In the present work we treat the recovery of a time-dependent coefficient r(¢)
for the classical degenerate equation with the Euler—Bessel operator, establishing
existence, uniqueness, and conditional stability.

2. Statement of the problem
In the rectangle Q= (0,/)x(0,7) we consider the degenerate parabolic equation

ut:x_va—i(xvux)+r(t)f(x,t), (x,t)eQ, 0<v<l, (1)

with the following initial and boundary conditions
u(x,O) = (p(x), X e [0,1] , u(O,t) = u(l,t) =0, te [O,T], (2)
where ¢(x), f(x,¢) are given functions such that ¢(0)=¢(/)=0.
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Direct problem (DP1). For r(¢)=1, find wu(x,r) satisfying (1)-(2)

i(xvux), u, € C(Q).

ox
Inverse problem (IP1). Find a pair {u(x,t), r(t)} with r(t)eC([O,T]) such
that u(x,t) solving (1)-(2) and the integral overdetermination condition
I;u(x,t)wi(x)dx =g(¢), tl0,T], (3)

hold, where w(x) and g(¢) are given functions.

and the regularity conditions u(x,t), x"u (x,t)eC (5) and x

3. The spectral problem and the direct problem
Separation of variables for (1)-(2) leads to the spectral problem

-v 0 vy _
X a(x)((x))_—/zz)((x), X(0)=Xx(I)=0. (4)
With the substitution X (x)= Z(Ax) , p=(1-v)/2 , -equation (4)

reduces to the Bessel equation, so its eigenfunctions are

X (x)zx(l_v)/zJp (A,x), A = 'L;” , n=L2,..,

where J, is the Bessel function of the first kind and g, is the n-th positive zero of

(1 v/2

J, . After normalization in Li(O,l) (weight p(x):xv) one obtains a complete

orthonormal system {X . (x)} . By the asymptotics of the Bessel zeros,

/Inl=7rn—%+0(l

J, hence A°<Cn’. (5)
n

Throughout we impose the compatibility conditions

(o,f(~,l‘)eC4 [O,I], (0(j)(0)=(0(j) (l):f(j)(O,t):f(j)(l,l‘)zo, j=0,1,2. (6)

Denote  the  Fourier-Bessel  coefficients ¢, = I;¢(x)va ,(x)dx  and
/
=I0f(x,t)x X, (x)dx.
Lemma 1. Under conditions (6) there exist constants C;,C, >0 such that
C C
@< —j fn(t)|Sn—i, n=L2,...,

The decay rate in Lemma 1, obtained by repeated integration by parts, guarantees the
uniform convergence of the relevant series. For 7(7)=1 the solution of (DP1) admits

the Fourier—Bessel representation
=S (X, (x). T() =0, ¥ + [ f(r)e S e (7)
n=1

Theorem 1. Let ¢(x) and f satisfy conditions (6). Then the direct problem (DP1) has a
unique solution, given by (7).
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4. The inverse problem
For a general coefficient r(t) eC ([O,T ]), the solution representation (7) extends

to

+00

u(x,t)= :Z::(pne_ﬂf’Xn (x)+ Z(J;r(r)ﬁl (f)e_ﬂ"z(t_r)dr)Xn (x). (8)

n=l1

Substituting (8) into the overdetermination condition (3) and differentiating in ¢ (the

series converge uniformly in 5, so term-wise differentiation is justified), we obtain,
after solving for r(¢), the Volterra integral equation of the second kind

r(t)= A1)+ [ K (t.2)r(z)dz, 9)
with

g'(t)+ ixlfgpne_i"ztﬂwi(x))(n (x)dx
I;wi(x)f(x,t)dx

0 ﬂnzfn (T)e_,@f(z—r)J'Ol
K(t,7)== -
( T) IO wi(x)f(x,t)dx

Using Lemma 1, the bound A’ <Cn” from (5), the regularity w(x) ect [O,l ] , and the
Cauchy—Schwarz inequality, the series defining A4(¢) and K (z,7) converge absolutely

A(r)=

+

wi(x)X (x)dx

n

and define continuous functions. Hence (9) is a Volterra equation of the second kind
with continuous kernel, which possesses a unique continuous solution.
Theorem 2 (existence and uniqueness for IP1). Assume that ¢(x) and f satisfy

(6); w(x)e C*[0,1] with w(0)=w(1)=0; g(¢)eC'([0,T]); and
I;wi(x)f(x,t)dx =0  forall r€[0,T].
Then the inverse problem {(1),(2),(3)} admits a unique solution pair {r(t),u(x,t)} with

v ~ -V a v
r(t) € C([O,T]) and u(x,t),x u, (x,t) € C(Q), X a(x ux),ut € C(Q).
The stability of the recovered coefficient follows from the same Volterra
formulation.

Theorem 3 (Lipschitz stability of IP1). Let the hypotheses of Theorem 2 hold,
and let {r,u,}, {r,,u,} be the solution pairs corresponding to data g,g, eCl([O,T ])
with the same ¢, f,w. Set

d, = min J-vaw(x)f(x,t)dx >0.

1e[0,T][J0

Then there exists a constant C,, >0, independent of g,,g,, such that
&8

(10)

I =7leory <C o))
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Estimate (10) shows that the recovered coefficient depends continuously on the

observation, the data being measured in the C'-norm. Consequently, together with
Theorem 2, the inverse problem (IP1) is conditionally well posed within its admissible
class. We emphasize that the stability involves the derivative Ag’' = g/ — g, of the data;

in the weaker observation norm ||g ||C([O ) alone the problem remains ill posed, the

coefficient being controlled only after one derivative of the data is taken into account.
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