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Abstract

Mixed-type differential equations combining hyperbolic and parabolic parts arise naturally in

many important processes of mathematical physics, including heat conduction, diffusion phenomena,

fluid dynamics, and wave propagation in heterogeneous media. Such equations describe systems in

which different physical regimes coexist in separate subdomains and are connected through

transmitting conditions. A special place in the theory of mixed-type equations is occupied by problems

with fractional-order derivatives, since fractional models allow a more accurate description of memory

and hereditary properties of complex media. In recent years, considerable attention has been devoted

to boundary value and inverse problems for fractional mixed-type equations.

The method of solution is based on spectral expansion with respect to the eigenfunctions of the

associated Sturm—Liouville problem, reduction to systems of fractional ordinary differential equations,

and the application of Mittag-Leffler functions. Explicit formulas for the Fourier coefficients of the

solution and unknown functions are derived, and sufficient conditions for existence and uniqueness are

established. The obtained results extend previous studies on inverse problems for mixed-type equations

and contribute to the further development of fractional differential equation theory.

Keywords: Wave-Diffusion equation, inverse-source problem, the Caputo fractional order

derivatives, Mittag-Lefler function, transcendent equation, the Cauchy problem.

FORMULATION OF A PROBLEM

Problem. We aim to find functions мих) еС(О) 1С"(О, 00,),

u(-,x) Е АС"ТО,а) U AC’ [a,b), h(x) е C[0,1] which satisfies the equation:

H(a-t)°Deu(t,x) + H(t —a)°D2u(t,x) —u,,(t,x) = h(x) (1)

together with the initial condition:

и(0,х) = P(x), (2)

boundary conditions:

и(1,0) = 0, u(t,1) = 0, (3)

the over-determination condition for fixed & € (a,b):

и(5,х) =y(x), (4)

and the transmitting conditions:

lim “D”u(t,x) =u,(t,x) (5)
t>a+0
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u(a 40,0) =и(а-0,0) (6)

where H(-) is a Heaviside function, Q=0, VO, U{t=a},

О ={(t,x):0<x<10<t<a}, O,={(tx):0<x<la<t<b} , °Deu(t,x) and

“D” u(t,x) -represent the Caputo fractional order derivatives [1], p(x),y(x) are given

functions and with a,b,a,8¢ such that b>a>0,1l<a<2,0<f<l.

Theorem.

Let condition

A, =4,M,E,(-A,(E— a)’ )E,(-A,a*) + AM aE, ,(-A,a*) +

МЕ (—A,a°) А.М.Е ва (— AAS — а)")аЕ u2 a7) A0
holds. If

y(x) eC [0,1],w"(x) е Г, (0,1), (0) = и(Т) =0,w"(0) = и"(1) =0,

p(x) € ON, (2) EL (0,1), (0) = Ф(1 =0,

there exists the unique solution of the inverse source problem, represented by

Ўр, EA) + BE, ,(-A,t) +

UE sa )h, |sin wkx, 1<a<2,0<t<a,

VICE, (—2,(1— а)") +

(t-a)’E, ,.,(-A,(t—a)’)h, ]sinakx, 1< B<2,a<t<b
u B,f+1 k k

and unknown A(x) function will be found by

оо B —4,
aaa Egil- Л (5 — - )-W, JE, (Аа 2,

A (AW, — En (- AAS – a)’))aE AT)

А,

и(1,х) =-

180 Ax,

where

M, = (2-а) Ep g.(-A,(E—a)"),

M, =a" Ey CAT),

M,= a°"E, (-4,a”)-1,

М, =-Ф.Е „| (-4,a”),

М; = Apa” E, CAT),

qa (ММ, —M,M,)E,(-A,(é фа) - АМ, AM, +47M,M,+4,MM,

А,
2
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