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Abstract

This paper investigates the unique solvability of a Bitsadze-Samarskii problem for a sub-
diffusion equation involving the regularized Prabhakar fractional derivative. By deriving the solution
of the corresponding first boundary value problem, the nonlocal problem is reduced to a Volterra
integral equation of the second kind. The continuity of the kernel and the right-hand side ensures the
existence of a unique solution to the integral equation. Consequently, the solution of the Bitsadze-
Samarskii problem is represented through the solutions of the associated Volterra integral equation
and the first boundary value problem. An existence and uniqueness theorem is established.

Keywords: Bitsadze-Samarskii  problem, regularized Prabhakar fractional derivative,
Prabhakar function, Volterra integral equation of the second kind.

Let Q be a rectangular domain: Qz{(t,x): 0<t<T, O<x<a}~, 0<a,T <+o.

We formulate the Bitsadze-Samarskii problem for the following sub-diffusion equation:

Peperroy (t,x)—u, (t,x)= 1 (t.x). (1)

Here f(2,x) is a given function, &, f3, ¥, & are given real numbers such that & >0,
0<p<l,
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is the regularized Prabhakar fractional derivative [1],
t

L0 (1)= (=) EL, | 8(1-5)" |e(s)ds,

0
is the Prabhakar fractional integral operator, whereas
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ak+p )
represents the Prabhakar function [2].
Definition. 4 regular solution of the equation (1) in the domain € is called a

function u(t ,X) with the regularity
u(t,x)e C(ﬁ), u, (t,x) "°DEP7u(t,x) e C(Q)
that satisfies the equation (1) at all points (t,x) el
Bitsadze-Samarskii Problem. Find a regular solution u(z,x) of the equation (1)

g(t), t>0

in the domain €2, satisfying the following initial and boundary conditions:
u(O,x):f(x), 0<x<a, (2)
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u(t,0)=p,(t), 0<t<T, (3)
u(t,a)=b(t)u(t,&)+c(t), 0<r<T, 4)

where &, =const €(0,a), 7(x), ¢,(¢), b(r), c(r) are the given functions.
If b(r) =0, the considered problem reduces to the first boundary value problem for
the equation (1) in the domain Q. Therefore, in what follows we assume that b(t) #0 .
Let us assume that the solution u(#,x) of the Bitsadze-Samarskii problem exists.
If we introduce the notation

u(t,a)=¢, (1), t€[0,T] (5)
for the equation (1), the conditions (2), (3), (5) define the first boundary value problem.
In [3], the following theorem was formulated for this first boundary value problem:

Theorem 1. Let ¢,(¢t), ¢/(1)eC[0;T], 7(x)eC[0a], f(t.x)=1"f(t.x),

fi(t.x)eC(Q), 0<e<p, and the conditions

#(0)=7(0). ¢(0)=7(a).

admits a unique regular solution given by
t

t x I% (t X, 77:0)0”7—_[(01 (U)Ggy (t,x,n,a)dn+
0

a

+ j (&) G(t,x,0, §)d§+” £ (7:€)G(t,x,n,&)dédn. (6)

0
Here

_§+2an|(t—77)_ﬂ1 J

5(t-n)

]
S(t-n)’ ’

G(t,x,0,8) = j 7 E 601G (t,x.n.€)dn.

(t 77) e —7L7s -
G ta sl E
( T 5) Z =B, B;5-7,751L11,1

n=

2
=717
=B.a, Bi=r,r:LLELL

E a, 4,0 X _
? Ay Ay, 0,303,05,0,,0,5 25,05 ¥
o &= F(a1n+/11m+§1)x"ym

_nz(;’;r a2n+/12m+§2)1“(0@;1+53)1”(a4n+§4)1“(13m+§5),
(x.3.2, 4,5, el smin{a, 4} > 0;(1={1,..,4},i ={1,2,3},={1,..,5})), in which the double

series converges for x,yel , if A/ >0, and A, >0, whereas A =a,+a,+a,—q, ,

A=t i=d, =Ly =L 141

For the considered Bitsadze-Samarskii problem, we formulate the following
Lemma and Theorem.
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Lemma 1. Let z'(x) € C[O,a], ®, (t), b(1), c(z‘) € C[O, T], ft,x)=t7f(t,x),
fi(t.x)eC (ﬁ) 0<e< p. Additionally, the following conditions are required to be
satisfied:

®, (O) = T(O), b(O)r(§0)+c(O) = T(a).

Then the integral equation
@ 1)+ jcal [bOG- (t.&,,1.a) |dn = g,(),
has a unique regular solution goiven by
P () =g —Igl (MR(t,m)dn, (7)

where
&) =c)+b®)| [0, (1)G: (.£,,1,0 dn+j G(1,£,0,¢ d§++Hf77§ tfo,n,é)dédn}

and R(t,n) is resolvent of the kernel b(t)G,(t,&,,n,a).

Theorem 2. If the conditions of the Lemma [ are satisfied, then the solution of the

Bitsadze-Samarskii problem (1)-(2)-(3)-(4) exists and is unique, and it is represented by
(7) and (6).
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