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Abstract

This paper investigates the unique solvability of a Bitsadze-Samarskii problem for a sub-

diffusion equation involving the regularized Prabhakar fractional derivative. By deriving the solution

of the corresponding first boundary value problem, the nonlocal problem is reduced to a Volterra

integral equation of the second kind. The continuity of the kernel and the right-hand side ensures the

existence of a unique solution to the integral equation. Consequently, the solution of the Bitsadze-

Samarskii problem is represented through the solutions of the associated Volterra integral equation

and the first boundary value problem. An existence and uniqueness theorem is established.

Keywords: Bitsadze-Samarskii problem, regularized Prabhakar fractional derivative,

Prabhakar function, Volterra integral equation of the second kind.

Let О be a rectangular domain: Q= {(t, x):0<t<T,0<x< а}, 0<a,T < +.

We formulate the Bitsadze-Samarskii problem for the following sub-diffusion equation:

"Руи (Бх)-и, (t,x) = f (t,x). (1)

Here У (t,x) is a given function, a, В, y, $ are given real numbers such that @ 2 0,

0<f<Il,

dРС гуа, В.у,0 _ Pya,\-f,-y7,6

D; " g(t)= 1,, 7 dt

1$ the regularized Prabhakar fractional derivative [1],

AAA
0

is the Prabhakar fractional integral operator, whereas

(7), 2
Poole Dg ae

g(t), t>0

represents the Prabhakar function [2].

Definition. A regular solution of the equation (1) in the domain is called a

function u(t ‚х) with the regularity

и(1,х)е С(0), u,,(t,x) "Бу777и (Б.х)еС(О)

that satisfies the equation (1) at all points (1, х) EQ).

Bitsadze-Samarskii Problem. Find a regular solution u(t,x) of the equation (1)

in the domain © , satisfying the following initial and boundary conditions:

u(0,x)=7(x), О<х<а, (2)
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u(t,0)=Q(t), 0=:=Т, (3)

u(t,a)=b(t)u(t,&)+c@), O<t<T, (4)

where &, =const = (0,а), t(x), @(t), b(t), c(t) are the given functions.

If b(t) 20, the considered problem reduces to the first boundary value problem for

the equation (1) in the domain ©. Therefore, in what follows we assume that b(t) #0.

Let us assume that the solution u(t,x) of the Bitsadze-Samarskii problem exists.

If we introduce the notation

u(t,a)=9,(t), 1210,71 (5)

for the едпайоп (1), the conditions (2), (3), (5) define the first boundary value problem.

In (31, the following theorem was formulated for this first boundary value problem:

Theorem 1. Let Q(t ), ф (1 )eC[0;7], т(х)еС10;а), f(t,x)=t° fx),

f,(t,x)eC(Q), 0<e<f, and the conditions

%(0)=7(0), 9 (0) = та).
admits a unique regular solution given by

t

u(t,x) = (7) G, (t,x .7,0)dn-[ 9, (7)G, (t,x,7,a)dn +

+[r(€)Gt,x,0,A)dé + | | Х(п,ё)б(ьжп, IAN. (6)

Неге

espa")(1—п)"7 Ч 70171 7G(t,x,7,¢ )=—_ ЕО В (rn)

—|x+£+2an|(t—7) ” ]_E 757;

| 5(t-n)"1— В.а Вим

С(,х, 0,6) = ПРЕ Вт" 10 (Ь хп, ©) п.

a,,4,,6;; й
Е . . . —

Ly, Ay, 093 AL3,03; 4.04; 25505] У

Г(ап- Ат ё)х"у"

ЭГ (ат- Ат 6, )Г (а.п-д,)Г (а.п-ё,)Г (Я.т- 6, )"

> 0;(7={1, 24), = {12,3}, 7 = {1..3}, in which Фе double

series converges И х, >= ‚ ТА >0, and A,>0, whereas Д, =а+а+а,-а,

For the considered Bitsadze-Samarski problem, we formulate the following
Lemma and Theorem.

->
n=0 m> ШУ:(x, У,01,А,,0, EU; smin{a,, A,
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Lemma 1. Let c(x)eC[0,a], @(t), Ба), c(t)eClO7], 160-6),

fi(tx)eC(Q), 0<=<[. Additionally, the following conditions are required to be

satisfied:

Pp, (0) = т(0), 5(0)т(25)-с(0) =т(а).

Then the integral equation

PA) + fo MIG; (t,&.7,4) dn = 2,0,

has a unique regular solution given by

Q(t) = 2; of капа, (7)

where I

8,00) = (0460) for po (7) G; (ь&,п,о) ап + fel: G(t,&,0,E)dE+ +1 | У(т,2)0(1,6,,1, сдавал

and R(t,n) is resolvent of the kernel b(i)G.(t,€,,n,a).

Theorem 2. If the conditions of the Lemma 1 are satisfied, then the solution of the

Bitsadze-Samarskii problem (1)-(2)-(3)-(4) exists and is unique, and it is represented by

(7) and (6).
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